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Abstract 

We consider spatial discretizations by the finite section method of the 
restricted group algebra of a finitely generated discrete group, which is 
represented as a concrete operator algebra via its left-regular representa- 
tion. Special emphasis is paid to the quasicommutator ideal of the algebra 
generated by the finite sections sequences and to the stability of sequences 
in that algebra. For both problems, the sequence of the discrete bound- 
aries plays an essential role. Finally, for commutative groups and for free 
non- commutative groups, the algebras of the finite sections sequences are 
shown to be fractal. 



1 Introduction 

Approximately finite algebras and quasi-diagonal algebras are examples of C*- 
algebras which are distinguished by intrinsic finiteness properties. These prop- 
erties can be used in principle to approximate the elements of the algebra by 
finite-dimensional (or discrete) objects and, thus, to discretize the algebra in a 
sense. In this paper we consider a completely different kind of discretization, 
called spatial discretization, the main idea of which is as follows: We represent 
a given C*-algebra A faithfully as an algebra A of linear bounded operators on 
a separable Hilbert space with basis {ejjjgpj. Then we let P„ stand for the or- 
thogonal projection from H onto the linear span of ei, . . . , e„, associate with 
each operator A G A the sequence (P„y4P„) of its finite sections, and consider 
the C*-algebra 5(A) which is generated by all sequences [PnAPn) with A G A. 
There is a natural homomorphism from S (A) onto A which associates with each 
sequence in iS(A) its strong limit. Thus, the algebra A appears as a quotient of 
S{k) by the ideal of all sequences tending strongly to zero. 

The idea of spatial discretization has its origins in numerical analysis, where 
the numerical solution of an operator equation Au = / is a basic problem. Nu- 
merical analysis provides a huge arsenal of methods to discretize this equation 
for several classes of operators. The perhaps simplest (from the conceptual point 
of view) and most universal (applicable to each operator) method is the finite 
sections method which replaces the equation Au = / by the sequence of the 
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finite-dimensional linear systems PnAPnUn = Pnf, n = 1, 2, . . .. The basic ques- 
tion is if these systems are uniquely solvable for sufficiently large n and if their 
solutions Un tend to a solution of Au = f. The central aspect of this question is if 
the operators (= n x n-matrices) PnAPn are invertible for sufficiently large n and 
if the norms of their inverses are uniformly bounded. In this case, the sequence 
{PnAPn) is called stable. 

A Neumann series argument shows that the sequence [PnAPn) with A E A 
is stable if and only if its coset is invertible in the quotient of the algebra S{A) 
by the ideal of all sequences which tend to zero in the norm. This observation 
due to Kozak brings numerical analysis into the realm of C*-algebras (and con- 
versely). It was soon realized that, for instance, Gelfand theory and its several 
non-commutative generalizations provide effective tools to study stability prob- 
lems for the finite sections method for convolution type equations; see [9] for 
an overview. In the consequence, the algebras iS(A) were examined for several 
classes of operator algebras A. The pioneering example was the Toeplitz alge- 
bra, T(C), generated all Toeplitz operators on P{N) with continuous generating 
function. This algebra can be viewed as a faithful representation of the univer- 
sal C*-algebra generated by one isometry (Coburn's theorem, [6]). The algebra 
S(T{C)) of the finite sections method is very well understood; for several aspects 
of finite sections of Toeplitz operators as well as for the rich history of the field 
see P H]. These results were later extended to algebras generated by Toeplitz 
operators with piecewise continuous (and even "more discontinuous") symbols 
and to algebras of singular integral operators, see [Sj. The algebra iS(BDO) of 
the finite sections of band-dominated operators was subject of [HI [15] (note that 
the algebra BDO of the band-dominated operators is a faithful representation of 
the reduced crossed product algebra /°°(Z) x^r Z), and the algebra S{0]\f) where 
Oat is a concrete representation of the Cuntz algebra On was considered in [19]. 

The present paper is devoted to the spatial discretization of restricted group 
algebras C*(r) where F is a finitely generated discrete and exact group. Basic 
properties of group algebras can be found, e.g., in [ZIEIIZ]. Restricted group alge- 
bras come with a natural representation, the so-called left-regular representation, 
which makes C*(r) isomorphic to the algebra Sh(r) of shift operators on /^(F). 
It is this algebra to which spatial discretization is applied in what follows. 

The paper is organized as follows. In Section [2] we provide some preliminaries 
on spatial discretization of represented C*-algebras. Section [3] is devoted to the 
spatial discretization of Sh(r). For we choose a family 3^ = (Yn) of finite subsets of 
r and consider the sequence of the finite sections Py^APy^ of A G Sh(r). We show 
that the algebra 53;(Sh(r)) generated by these sequences splits into the direct sum 
of Sh(r) and of an ideal which can be characterized as the quasicommutator ideal 
of the algebra. A main result is that the sequence {PdY„) of the discrete boundaries 
always belongs to the algebra 53;(Sh(r)), and that this sequence already generates 
the quasicommutator ideal. This surprising fact has been already observed in 
other settings, for example for the algebra S(T{C)) of the finite sections method 
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for the Toeplitz operators (a classical result, closely related to the present paper), 
but also for the algebra S{On) related with Cuntz algebra (see [T9]). 

In Section H] we derive a necessary and sufficient criterion for the stability of 
sequences in i53;(Sh(r)). The criterion is formulated of terms of limit operators 
(see p31 [Is]). It turns out that it is sufficient to consider limit operators with 
respect to sequences r] such that each rjn belongs to the boundary of some set Y^^, 
which gives another hint to the exceptional role of the discrete boundaries. In 
two special settings (commutative groups and free non-commutative groups) we 
show moreover that one can restrict to the case when 77 is an (inverse) geodesic 
path, which implies the fractality of the algebra iS3;(Sh(r)) for these groups. We 
will not present the details, but it should be at least mentioned here that one 
consequence of fractality is the excellent convergence properties of certain spectral 
quantities. For example, if a sequence (An) belongs to a fractal algebra, then the 
sets of the singular values (the points in the e-pseudospectrum, the points in the 
numerical range, respectively) of the An converge with respect to the Hausdorff 
metric. For these and other applications of fractality, see [9l [T71 [HI |20] . 

2 Spatial discretization 

2.1 Hilbert spaces and projections 

For a non-empty finite or countable set X, let l'^{X) stand for the Hilbert space 
of all functions f : X ^ C with 

For X = 0, we define ("^{X) as the space {0} consisting of the zero element only. 
For each subset Y of X, we consider l^(Y) as a closed subspace of ("^{X) in a 
natural way. The orthogonal projection from l'^{X) to l'^{Y) will be denoted by 
Py. Thus, Px and P0 are the identity and the zero operator, respectively. For 
X G X, let 6x be the function on X which is 1 at x and at all other points. If 
X is non-empty, then the family {Sx)xex forms an orthonormal basis of ("^{X), to 
which we refer as the standard basis. 

For each sequence (l^)n>i of subsets of X, define its upper and lower limit as 

lim sup Yn ■■= r\k>i Un>k Yn and lim inf Yn := Ufc>i n„>fc 

Thus, lim sup Yn is the set of all x G X with x G for infinitely many n, whereas 
lim inf y„ contains all x G X such that x G for all but finitely many n. A set 
sequence (Yn) is said to converge if lim sup y„ = lim inf y„. In this case we denote 
the upper and lower limit by limF^. The following assertions are easy to check. 
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Proposition 2.1 (a) The sequence (Py^) of projections converges strongly if and 
only if the set sequence (Yn) converges. In this case, s-limPy,^ = PumYn- 

(b) The sequence (-Py„) converges strongly to the identity operator if and only if 
lim inf Yn = X . 

Corollary 2.2 (a) // y„ C Yn+i for all n, then the sequence (-Py„) converges 
strongly to Pu„>iy„ ■ 

(b) IfYm^Yn = for all m ^ n, then the sequence {Py^) converges strongly to 0. 

2.2 Algebras of matrix sequences 

Let X be as before. Given a sequence y := {Yn) of subsets of X, let J^y denote 
the set of all bounded sequences A = {An) of operators An : imPy^ — )■ im Py^. 
Equipped with the operations 

[An) + {Bn) := [An + (A„)(PO := {AnBn), := {A*n) 

and the norm ||A||jr-^ := ||v4„||, the set J^y becomes a C*-algebra with identity, 
and the set Qy of all sequences {An) € Ty with lim ||v4„|| = forms a closed ideal 
of J^y. The relevance of the algebra J^y and its ideal Qy in our context stems 
from the fact (following from a simple Neumann series argument) that a sequence 
A G J^y is stable if, and only if, the coset A + ^3; is invertible in the quotient 
algebra TyjQy- Thus, every stability problem is equivalent to an invertibility 
problem in a suitably chosen C*-algebra. 

Let further stand Ty for the set of all sequences A = of operators An ■ 
im Py^ — > im Py^ with the property that the sequences (A^Py^) and (A*Py^) con- 
verge strongly. By the uniform boundedness principle, the quantity sup ||y4„Py„|| 
is finite for every sequence in J^y. Thus, J^y is a closed and symmetric 

subalgebra of J-y which contains Q. Note that the mapping 

W : ^ L{P{X)), A^s-limA„Py„ (1) 

is a *-homomorphism. 

2.3 Spatial discretization of represented algebras 

Let A be a C*-subalgebra of L(/^(X)) (i.e., a represented C*-algebra), and let 
y := {Yn} be a sequence of subsets of X. Write D for the mapping of spatial (= 
finite sections) discretization, i.e., 

D:Lil'iX))^Ty, A^iPy^APyJ, (2) 

and let Sy{A) stand for the smallest closed C*-subalgebra of the algebra Ty which 
contains all sequences D{A) with A G A. Clearly, Sy{A) is contained in J^y , and 
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the mapping in ([T]) induces a *-homomorphism from Sy{A) onto A. On this 
level, one cannot say much about the algebra iS3;(A). The little one can say will 
follow from the following simple facts. A proof is in [T9] . 

Proposition 2.3 Let A and B he C* -algebras, D : k ^ B a symmetric linear 
contraction, and W : B ^ k a * -homomorphism such that W{D{A)) = A for 
every A E A. Then 

(a) D is an isometry, D{A) is a closed linear subspace of B, and aAgD{/K), the 
smallest closed subalgebra of B which contains -D(A) , splits into the direct sum 

alg D ( A) = D ( A) © (ker n alg D ( A) ) . (3) 

Moreover, for every A E A, 

\\D{A)\\= min \\D{A) + K\\. (4) 

K gker W 

(b) If B = algD(A), then kerW coincides with the quasicommutator ideal of 
B, i.e., with the smallest closed ideal of B which contains all quasicommutators 
D{Ai)D{A2) - D{AiA2) with A, A2 G A. 

We shall apply this proposition in the following context: A is a C*-subalgebra of 
L(/^(X)), B is the algebra ^^(A), D is the restriction of the discretization ([2]) to 
A, and W is the restriction of the homomorphism ([1]) to Sy{A). Then Proposition 
12.31 specializes to the following. 

Proposition 2.4 Let A be a C* -subalgebra of L{P{X)) . Then the finite sections 
discretization D : A ^ Ty is an isometry, and D{A) is a closed subspace of the 
algebra Sy{A). This algebra splits into the direct sum 

Sy{A) = D{A) © (keiWnSyiA)), 

and for every operator A E A one has 

\\D{A)\\= i^n \\DiA) + K\\. 

KekcvW 

Finally, ker W (1 Sy (A) is equal to the quasicommutator ideal ofSy{A), i.e., to 
the smallest closed ideal of Sy{A) which contains all sequences {Py„AiPy„A2Py„ — 
Py^AiA2Py„) with operators Ai, A2 G A. 

We denote the ideal ker W (1 Sy{A) by J {A). Since the first item in the decom- 
position -D(A) © J {A) of Sy{A) is isomorphic (as a linear space) to A, a main 
part of the description of the algebra Sy{A) is to identify the ideal J {A). Here 
is a first result which describes J{A) in terms of generators of A. Abbreviate 
I-Pa=: Qa. 
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Proposition 2.5 Let A be a C* -suhalgehra of L{P{X)) and let E be a subset of 
A which generates A as a Banach algebra, i.e., the smallest closed subalgebra of 
A which contains E is A. Then, for each m > 2 and each choice of operators 
Ai e E, the sequence 

(5) 

belongs to J{A), and J{A) is the smallest closed ideal of Sy{A) which contains 
all sequences of the form ^ . 

Proof. First we show per induction tliat all sequences of the form ((51) belong to 
the quasicommutator ideal J {A). This is evident for m = 2: 

{PyMQYMPYr.) = {PyMA2Py^) - {PyMPy^A^Py^). 

Suppose the assertion is proved for sequences ([5]) of length less than m. Then 

{Py,AiQy„ . . . QY^Am-lQY„AmPY„) 

= {Py„AiQy„ ■ . ■ Qy„^m-iAm-Py„) 

-{Py„A,Qy^ . . . QY„Am-iPYj {Py„A.^PyJ. 

The second sequence on the right-hand side of this equality is in J^{A) by as- 
sumption. Write the first sequence as 

{Py„AiQy^ . . . QY„Am-2QY„A,m-lAmPYn) 
= {PYn^lQYn ■ ■ ■ QY„Ara-2Am.-lAmPY„) 

~{PYr,AiQY„ ■ ■ ■ QY„Am-2PYj (-fV„^m-l^m-fVn)- 

Again, the second sequence on the right-hand side is in J {A). We continue in 
this way to arrive finally at 

[PyMQyMM--- A^Py:) = [PyMM... A„.Py^) 

-{Py„A,Py„) {Py„A2As . . . A^PyJ 

which is in J^{A) by the definition of the quasicommutator ideal. 

Conversely, we are going to show that the sequences (E]) generate J7'(A) as a 
closed ideal of Sy{A). Let refer to the smallest closed ideal of ^^(A) which 
contains all sequences ([5]). From the first part of this proof we infer that C 
J {A). For the reverse inclusion it is sufficient to show that 

{Py^AQy,BPyJ e J for all A, B e A. 

Since is a closed linear space, it is sufficient to verify this claim in case A and 
B are finite products of operators in E. Thus, we have to prove that 

{Py^A, . . . A^Qy,B, . . . BiPyJ G J (6) 
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for arbitrary operators Aj, Bj G E and integers /, m > 1. Again we use induction. 
The assertion is evident in case m = I = 1. For the general step we write 

iPY„A,...AmQY^B,...BiPYj 

= {Py^A.PyJ [Py^ . . . A^Qy^B, . . . BiPyJ 
+ {Py^A^Qy„A2 . . . A^Qy^B, . . . B^PyJ. 

The first summand on the right-hand side is a product of a sequence in Sy{A) and 
a sequence of the form but with less factors. By assumption, this summand 
is in J'. The second summand can be again written as a sum by inserting / = 
Py„ + Qy, after A2. We continue in this way and arrive finally at the sequence 
{Py^AiQy^A2Qy^ . . . Qy^Bi_iQy^BiPyJ which is in J by definition. ■ 

3 Spatial discretization of restricted group C*- 
algebras 

3.1 Left regular representations 

Let r be a (not necessarily commutative) discrete group. We write the group 
operation as multiplication and let e stand for the identity element. With F we 
associate the Hilbert space with its canonical basis (5<i)sgr- The left regular 
representation L : F — t- L(/^(F)) associates with every group element r a unitary 
operator Lr such that L^^s = ^rs for s G F. 

Since 6rs(t) = 6s{r~^t), one has {Lru){t) = u{r^^t) for every u G /^(F). Hence, 
r I— )■ is a group isomorphism. We define Sh(F) as the smallest closed subalgebra 
of L{P{T)) which contains all operators Lt with t G F. The algebra Sh(F) is *- 
isomorphic to the restricted group C* -algebra C*(F) in a natural way (see Section 
2.5 in [5]). It can thus be considered as a concrete representation of C*(F). Note 
also that the restricted group C*-algebra coincides with the universal group C*- 
algebra C*(F) if the group F is amenable. For this and further characterizations 
of amenable groups, see Theorem 2.6.8 in [3]. 

We have seen above that every restricted group C*-algebra C* (F) comes with a 
canonical faithful representation as the concrete operator algebra Sh(F) on /^(F). 
We will take this representation as the basis for the spatial discretization of C*(F) 
by a finite sections method in the following sections. 

The existence of a canonical representation is only one reason why we con- 
sider spatial discretizations only for restricted group C*-algebras in what fol- 
lows. Another reason is that universal group C*-algebras sometimes own intrinsic 
finiteness properties which can be used to approximate their elements by finite 
dimensional objects, but which are not shared by the associated restricted group 
C*-algebras. For example, if F is the free non- commutative group F2 of two gen- 
erators, then the universal group C*-algebra C*(F2) is known to be quasidiagonal, 
whereas C*{¥2) fails to have this property (see Sections VII. 6 and VII. 7 in [7]). 
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3.2 Discretization of Sh(r) 

To discretize the algebra Sh(r) by the finite sections method we choose a sequence 
y = (Yn) of finite subsets of T and consider the sequences {Py„APy„) of the finite 
sections of A G Sh(r). Usually we will assume that the set limit limy„ exists and 
is equal to F, in which case the Py„ converge strongly to the identity operator, but 
some of the following results will hold without this assumption. In accordance 
with earlier notation, let 53;(Sh(r)) stand for the smallest closed C*-subalgebra 
of the algebra which contains all sequences {Py^APy^) with A G Sh(r). The 
associated quasicommutator ideal is denoted by J'{Sh(T)). 

In the next section, we shall present some characterizations of j7'(Sh(r)). For 
we have to introduce some notions of topological type. Note that the standard 
topology on T is the discrete one; so every subset of T is open with respect to 
this topology. 

Let f2 be a finite subset of F which contains the identity element e and which 
generates F as a semi-group, i.e., if fin denotes the set of all words of length at 
most n with letters in Q, then U„>of2n = F. By convention, Qq := {e}. Note also 
that the sequence (f2„) is increasing; so the operators Pn^ can play the role of the 
finite sections projections Py„, and in fact we will obtain some of the subsequent 
results exactly for this sequence. 

With respect to Q, we define the following " algebro-topological" notions. Let 
A or. A point a G A is called an fi-mner point of A if Qa := {ua : a; G fi} C A. 
The set int^A of all r2-inner points of A is called the Q-interior of A, and the 
set d^A := A \ intfiA is the Q-boundary of A. Note that by this definition, the 
r2-boundary of a set is always a part of that set. (In this point, the present 
definition of a boundary differs from other definitions used in the literature, see, 

e.g., n.) 

One easily checks that the f2-interior and the r2-boundary of a set are invariant 
with respect to multiplication from the right-hand side: 

{mtnA)s = mtn{As) and {dnA)s = dn{As) 

for s G F. One also has 

^n-i ^ intf^fin C for each n > 1, (7) 

whence 

dnf^n ^ \ for each n > 1. (8) 

In many concrete settings, one has equality in ([H]). 

3.3 The structure of the quasicommutator ideal 

Let Q and y := be as in the previous section. We will derive two results on 
the structure of the quasicommutator ideal i7(Sh(F)). 
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Theorem 3.1 j7'(Sh(r)) is the smallest closed ideal of Sy{Sh(r)) which contains 
all sequences 

{PY„L^-^QY„L^PYn)n>i with u eQ. (9) 
Proof. First note that, for arbitrary u ^ Q and ACT, 

QaL^Pa = QaL^PaK'^QaL^Pa. (10) 

Indeed, 

QaLuiPa = QaLujPaL^-iL^Pa 

= QaL^PaL^-iQaL^Pa + QaLujPaLuj-^PaLujPa- 

The second summand on the right-hand side vanishes since L^^PaL^-i = P^a 
commutes with Pa- 

Let now, for a moment, J' denote the smaUest closed ideal of iSy(Sh(r)) which 
contains all sequences ([9]). Clearly, J' C j7'(Sh(r)). The reverse implication will 
follow via Proposition 12.51 once we have shown that each sequence 

{Py„L^^Qy^L^^Qy^ ■ ■ ■ QY„L^^PYjn>l (11) 

with m > 2 and Ui E Q belongs to J'. Write the sequence ffTTl) as (y4„Qy^L(^^Py^). 
By (HOD, 

{AnQY^L^mPyJ = {AnQY^L^mPyJ {Py,L^-iQy„L^^^^Py„). 

Since the sequence ffTTl) belongs to 53;(Sh(r)) and J is an ideal of that algebra, 
the sequence (ITTl) is in J . u 

Lemma 3.2 Let A<ZT. Then n^gn(^ n wM) = int^A. 
Proof. Let a G int^A. Then, for each u eVL, 

a = u^^ooa G uj'^Qa C uj~^A C Af] uj~^A, 

whence the inclusion ^. For the reverse inclusion, let a G A \ intj^A = d^A. 
By definition of the f2-boundary, there is an G f2 such that UqO ^ A. Hence, 
a ^ An Uq^A, which implies a ^ O^eni^ ^ uj~^A). m 

Lemma 3.3 Let A be a subalgebra of L{P(r)) and ACT. // the operators 
PaL^^i PaL^Pa belong to A for each u E Q, then the operators Pa, -Pintn^ o.^'d 
PdnA belong to A, too. 

Proof. Since e G f2, the assertion is evident for Pa- Further we have 
PaL^-iPaL^Pa = PaPu^-^a = Pahu^-^a e A 
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for each a; G fi. Since A is an algebra, this imphes 

Y\ PaHoj-^A = -Pn„6n(ylna;-1A) ^ A. 

By Lemma 13. 2[ this is the assertion for PintnA- The assertion for Pd^A follows 
since Pa = PmtnA + PdnA- ■ 

We call {PaQY„)n>i the sequence of the discrete boundaries of the finite section 
method with respect to (Yn). Note that the assumptions in the following theorem 
are satisfied if Yn = fin due to ([7]) . 

Theorem 3.4 Assume that C intoyn C Yn for all n > 2 and that liml^ = 
r. Then the sequence {Pdi^Yn)n>i of the discrete boundaries belongs to the algebra 
iSy(Sh(r)), and the quasicommutator ideal is generated by this sequence, i.e., 
i7(Sh(r)) is the smallest closed ideal of Sy{Si\\{V)) which contains {Pa^Y„)n>i- 

Proof. By definition, the sequence {Py^L^-i PY^Li_jPY^)n>i is in iSy(Sh(r)) for 
each u & fl. From Lemma [373] we then conclude that the sequence (PdnYn) is in 
iSy(Sh(r)), too. That this sequence is even in the quasicommutator ideal, is a 
consequence of the assumptions. Indeed, from C mt^Yn C F„ we conclude 
that 

lim intoFn = lim Yn = T 

n— >oo n— >oo 

whence s-limPg^^y^ = 0. By Proposition 12. 4[ this implies (Pa^Yn) G i7(Sh(r)). 

It remains to show that the sequence {PonYn) generates j7'(Sh(r)). Let J' 
denote the smallest closed ideal of 53;(Sh(r)) which contains the sequence (Pa^Yn)- 
By what we have just seen, J' C j7(Sh(r)). The reverse inclusion will follow from 
Theorem 13.11 once we have shown that 

(PY„L^-iQY„L^PyJ„>i G J for each u e Q. (12) 

Note that 

Py„L^-iQy^L^Py„ = Py^ - Py„L^-iPy„L^Py„ = Py„\{y„naj-iy„)- 
From Lemma [3.21 we know that intf^y^ ^ H u~^Yn. Hence, 

Yn \ {Yn n UJ~'Yn) C F„ \ intf,F„ = dnYn 

which implies that 

Py„L^~iQy„L^Py„ = Py„\{y„naj-iY„) = pK„\{y„na;-iy„) Pd^Y^- 
This verifies f [T2|) and finishes the proof of the theorem. ■ 
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4 Stability 

In this section, we are going to study the stabihty of sequences in iSy(Sh(r)) via 
the hmit operators method. The key ingredients are the facts that the stabihty 
of a sequence A in that algebra is equivalent to the Fredholmness of a certain 
associated operator and that the Fredholmness of that operator can be studied 
by means of its limit operators due to a result of Roe. 

4.1 Fredholmness vs. stability 

Let y := (Yn) be a sequence of finite subsets of T. A sequence (f„) C F is called 
an inflating sequence for y if YmV:^^ fl Y^v'^ = for m 7^ ra. The existence of 
inflating sequences is a consequence of the following lemma. 

Lemma 4.1 Let B d T he finite and V d T he infinite. Then there is a 
V such that A fl Bv'^ = 0. 

Indeed, let AriBv~^ 7^ for every v E V. Then, for each v d V, there is ab^, E B 
such that b^v~^ =: G A. Thus, v = b^a~^. But since A and B are finite, there 
are only finitely many products b^a~^. Hence V is finite, a contradiction. ■ 

Corollary 4.2 Let y = (Yn) be a sequence of finite subsets ofT and V an infinite 
subset ofT. Then there is an inflating sequence for y in V. 

Proof. Let vi E V. Then Yiv^^ is finite. By the lemma, there is a V2 E V such 
that YiVi^ n 12^2^^ = 0- Further, since Yiv^^ U Y2V2^ is finite, there is a E V 
such that 

{Y^v^' U Y^v^') n Ysv^' = 0. 
We proceed in this way to find the desired inflating sequence. ■ 

In what follows let y as above and choose and fix an inflating sequence for 
3^. Further set 

F' := F \ UZ,Y,,v-\ (13) 

For SET, let Rs : /^(F) ^ P{r) refer to the operator := f{ts). Evi- 

dently, the mapping i? : s H- i?^ is a group isomorphism from F into the group of 
the unitary operators on /^(F). Moreover, RgLt = LtRs for s, t G F. The proof 
of the following theorem is adapted from [TB] . 

Theorem 4.3 Let A = E Ty. Then 
(a) the series 

00 

Y^R^^A^R'l (14) 

n=l 

converges strongly on /^(F). The sum of this series is denoted by Op (A). 
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(6) the sequence (An) is stable if and only if the operator Op (A) + Pr' is Fredholm 
on /2(r). 

(c) The mapping Op is a continuous homomorphism from Ty to L(/^(r)). 

Proof, (a) It is convenient to identify the operator An acting on im Py„ with the 
operator Py^AnPy^ acting on all of /^(F). Since Rv„Py„Rv^ = Py„v^^^ '^^^ 
then identify the operator 

Ri,^AnR~^ : imPy imPy ,,-i 

with the operator Py^y-iRvnAnRy^Py^^-i on P{T). Thus, for x G ^^(r), the 
inflating property ensures that the vectors R^^AnR^^x form an orthogonal system 
in /^(r). Consequently, the series Yl,^=i-^v„AnR~^x converges if and only if the 
series 

oo 

Y,\\RvMr;;1A\' (15) 

n=l 

converges. Set M := supHA^H. Employing the orthogonality of the vectors 
Py ^-ix, we get 

OO OO 

n=l n=l 

Thus, the series ( fT5|) converges for every x, whence assertion (a). 

(6) Let A = (An) be a stable sequence, i.e., there is an rio G N such that the 
operators An '■ im Py^ — > im Py^ are invertible for n > uq and that the norms of 
their inverses are uniformly bounded. Then the operator 

no — 1 OO 

n=l n=no 

is invertible with inverse 

— 1 OO 

n=l n=no 

Since Op (A) + Pp' is a compact perturbation of B, Op (A) + Pr' is a Fredholm 
operator (with Fredholm index 0). 

Let, conversely. Op (A) + Pp/ be a Fredholm operator. Then there are an 
operator B e L(/^(r)) and a compact operator K on /^(F) such that 

P-(Op (A) + PrO = / + i^. 
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Since the projections -Py^^-i commute with Op (A), and since YnV^^^^ flF' = 0, we 
find 

= ^y„.-^Op(A)P^^,,. 

= Py^-l+Py^-lKPy^-l, 

whence 

R-.lPy..'.^BPy..-.^R^^ ■ = Py,. + KlPy^^.-^KPy^^-.R^^. (16) 

Since Py^v:^^ ~^ ^ strongly by the infiating property and by Corollary 12.21 ih) and 
since K is compact and ||-Rt;„|| = 1, we further conclude 

WRvlPy^v-^KPy^^^.R^^ 11^0 as n ^ oo. 

Hence, the operators on the right-hand side of (fT6l) (considered as acting on 
imPy„) are invertible for n large enough, and the norms of their inverses are 
uniformly bounded with respect to n. This implies the uniform boundedness of 
the operators 

Bn ■■= {Py. + KlPy^.-^KPy^^-.R^X' BT^lPy..^^^^^ 

also considered as acting on im Py„. Since BnAn = Py„ for all sufficiently large n 
and the act on a finite-dimensional space, the stability of the sequence {A„) 
follows. Assertion (c) is an immediate consequence of the infiating property. ■ 



4.2 Band-dominated operators 

Theorem 14.31 translates the stability problem for a bounded sequence of finite- 
rank operators into a Fredholm problem for an associated operator. In case of 
the finite sections sequence of an operator in Sh(r), the associated operator is a 
band-dominated operator in the sense defined below. Since there is an effective 
criterion to verify the Fredholm property (which we will recall in the subsequent 
section) of band-dominated operators, this observation offers a way to study the 
stability of the finite sections method for operators in Sh(F). 

Consider functions k G /°°(F x F) with the property that there is a finite 
subset Fq of F such that k(t, s) = whenever ts~^ ^ Tq. Then 

{Au){t):=Y,Ht,s)u{s), teF, (17) 
ser 

defines a linear operator A on the linear space of all functions m : F — > C, since 
the occurring series is finite for every t G G. We call operators of this form band 
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operators and the set Fq a hand-width of A. It is not hard to see that the band 
operators form a symmetric algebra of bounded operators on /^(F). Operators in 
the norm closure of that algebra are called band- dominated opeiatoTS. Thus, the 
band-dominated operators form a C*-subalgebra BDO(r) of L(/^(r)). 

It turns out that band operators on F are constituted by two kinds of "ele- 
mentary" band operators: the unitary operators Lt of left shift by t G F, and the 
operators bl of multiplication by a function b G 

bl : f{T) -> /2(r), {bu){s) = b{s) u{s). 



Proposition 4.4 A operator in L(/^(F)) is a band operator if and only if it can 
be written as a finite sum ^ biLt- where bi G /°^(F) and tj G F. 

Proof. Let A be an operator of the form (fTTl) and let Fq := {ti, ^2, • • • , tr} be a 
finite subset of F such that k{t, s) = if ts~^ ^ Fq or, equivalently, if s is not of 
the form t^^t for some i. Thus, 

r 

iAu){t) = kit, t~h) u{t~h) for all t G F. 
1=1 

Set bi{t) := k{t, t~^t). The functions bi are in /°°(F), and one has 

r 

A = Y,hLu- (18) 

i=l 

Conversely, one easily checks that each operator Lt with t G F is a band operator 
with band width {t} and that each operator bl with b G /°°(F) is a band operator 
with band width {e}. Since the band operators form an algebra, each finite sum 
^ biLt^ is a band operator. ■ 

It is easy to see that the representation of a band operator on F in the form 
(|T8|) is unique. The functions bi are called the diagonals of the operator A. In 
particular, operators in Sh(F) can be considered as band-dominated operators 
with constant coefficients. 

As before, let y := {Yn) be a sequence of finite subsets of F and (f„) an 
associated infiating sequence. Note that the following proposition remains valid 
if the algebra Sh(F) is replaced by the C*-algebra BDO(F) of all band-dominated 
operators. 

Proposition 4.5 Let A = (A„) he a sequence in the finite sections algebra 
SyiShiV)). Then Op (A) is a hand- dominated operator. 
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Proof. First let A G Sh(r) be a band operator (i.e., A is a linear combination 
of a finite number of the Lt) and let Tq be a band width of A. It is easy to check 
that then R^^Py^APy^R^^ is a band operator with the same band width for every 
n. The inflating property ensures that Op ((Py^APy^)) is a band operator with 
band width Fq, too. Now Theorem 14.31 (c) yields the assertion. ■ 

To define limit operators, let /i : N — F be a sequence tending to infinity in the 
sense that for each finite subset Fq of F, there is an rig G N such that h{n) ^ Fq 
if n > hq. Clearly, if h tends to infinity, then the inverse sequence tends 
to infinity, too. We say that an operator Ah G L{P{T)) is a limit operator of 
A G L{p{T)) defined by the sequence h if 

^h(m)^^Km) and Rl^^^^A* Rh(rn) -> Al 

strongly as m — )■ oo. Clearly, every operator has at most one limit operator with 
respect to a given sequence h. Note that the generating function of the shifted 
operator R~^ARr is related with the generating function of A by 

kR-^ABAt^^) = kAitr-\sr-') (19) 

and that the generating functions of Rj^^^^ARhim) converge pointwise on F x F 
to the generating function of the limit operator Ah (if the latter exists). 

It is an important property of band-dominated operators that they always 
possess limit operators. More general, the following result can be proved by a 
standard Cantor diagonal argument (see p!2 | [T3 | IT^). 

Proposition 4.6 Let A be a band- dominated operator on /^(F). Then every 
sequence /i : N — t- F which tends to infinity possesses a subsequence g such that 
the limit operator Ag of A with respect to g exists. 

Let A be a band-dominated operator and /i : N — )■ F a sequence tending to infinity 
for which the limit operator Ah of A exists. Let B be another band-dominated 
operator. By Proposition 14.61 we can choose a subsequence g of h such that the 
limit operator Bg exists. Then the limit operators of A, A + B and AB with 
respect to g exist, and 

Ag = Ah, {A + B)g=Ag + Bg, {AB)g=AgBg. 

Thus, the mapping A^ Ah acts, at least partially, as an algebra homomorphism. 

The following theorem is due to Roe [22], see also [TT]. Recall in this connec- 
tion that a group F is said to be exact, if its reduced translation algebra is an 
exact C*-algebra. The latter is defined as the reduced crossed product of /°°(F) 
by F and coincides in our setting with the C*-algebra of all band-dominated 
operators on /^(F). The class of exact groups is extremely rich. It includes all 
amenable groups (hence, all solvable groups such as the discrete Heisenberg group 
and the commutative groups) and all hyperbolic groups (in particular, all free 
groups with finitely many generators) (see [21], Chapter 3). 
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Theorem 4.7 (Roe) Let T be a finitely generated discrete and exact group, and 
let A be a band- dominated operator on /^(F). Then the operator A is Fredholm 
on /^(r) if and only if all limit operators of A are invertible and if the norms of 
their inverses are uniformly bounded. 

Note that this resuh holds as weU if the left regular representation is replaced 
by the right regular one and if, thus, the operators Lg and Rt change their roles. 
In fact, in [HI |22] the results are presented in this symmetric setting. In [TT] 
we showed moreover that the uniform boundedness condition in Theorem 14.71 is 
redundant for band operators if the group F has sub-exponential growth and if not 
every element of F is cyclic in the sense that = e for some positive integer n. 
For details see [H]. Note that the condition of sub-exponential growth is satisfied 
by the abelian groups Z^, the discrete Heisenberg group and, more general, by 
nilpotent groups (in fact, these groups have polynomial growth), whereas the 
growth of the free groups W^- is exponential. 

Theorem 4.8 Let T be a finitely generated discrete and exact group with sub- 
exponential growth which possesses at least one non-cyclic element, and let A be 
a band operator on l^(T). Then the operator A is Fredholm on P{T) if and only 
if all limit operators of A are invertible. 

4.3 Limit operators and stability 

Let y = (Yn) be a sequence of finite subsets of F. To verify the stability of 
a sequence A = (An) in iS3;(Sh(F)) via the results of the previous section, we 
have to choose an inflating sequence for 3^ and to compute the limit operators of 
Op (A) + Pr'. Note that the exactness of F is not relevant in this computation. 
Note also that large parts of this computation hold for sequences in iS3;(BD0(F)), 
too. We will consider the finite sections method for operators in BDO(F) in detail 
in a forthcoming paper. 

Let f2 be a finite subset of F with e E Q which generates F as a semi- group. 
Let Qn denote the set of all words with letters in Q of length at most n. Thus 
F = U„>ir2„ = lim„_j.i 

By Theorem 14. 3^ the Fredholmness of the operator Op (A) is independent of 
the concrete choice of the inflating sequence. For technical reasons, we choose an 
inflating sequence (vn) for the sequence 

U QnWn U Qnr'iYr, U ^n)) 

instead of (Yn). Since 

YnUQnC (F„ U fi„)(F„ U a„)-i C (F„ U fi„)(F„ U n„)-'(F„ U fi„), 

(vn) is also an inflating sequence for (Yn). Moreover, since limf2„ = F, one also 
has 

lim (Yn u a„){Yn u a„y^ = f. (20) 
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Let now A = (A„) G 5;y(Sh(r)), set as before 

oo 

Ov{A) = Y.R.MRvl and r' = r\u~ii;t;-\ 

n=l 

and let : N — 7- r be a sequence tending infinity for which the hmit operator 

(Op (A) + Pr)h := s-hm„^oo/2;^(^„)(0p (A) + Pv>)Rh(n) 

exists. Then the hmit operator (Op (A) + -PrOs exists for every subsequence g of 
/i, and it coincides with (Op (A) + Pr')h- So we can pass freely to subsequences 
of h. By passing to subsequences, we can restrict the computation of the limit 
operator to the following cases: 

Case 1: All elements h{n) belong to Uk>iVkYj^^ . 
Case 2: No element h{n) belong to Uk>iVkYi^'^ . 

Consider Case 1. Passing again to a subsequence of h we can further suppose 
that each h{n) belongs to one of the sets VkYj^^, say to Vk^YfT^, and that Vk„Y^^ 
contains no other element of the sequence h besides h{n). For each n, let r„ denote 
the smallest non-negative integer such that h{n) G Vk^{dQYk„)~^Qr„- Thus, r„ 
measures the distance of h{n) to the f2-boundary of Vk^YfTj- Finally, let r* : = 
liminf„_i,oo Tn.. Again we distinguish two cases. 

Case 1.1: r* is finite. Then there are infinitely many n G N such that r„ = r*. 
Thus, there is a subsequence of h (denoted by h again) such that 

h{n) G Vk„Y^^^ n Vk^idnYkJ'^nr* for all n. 

Further, for each n there is an G such that h{n) G Vk^{dQYi:„)~^w^. Since 
fir* is a finite set, one of its elements w* occurs for infinitely many n. Let 
be an element of Qr* with this property. Consider the subsequence of h which 
contains all elements h{n) with = w*. Denoting this subsequence by h again, 
we can hence assume that 

h{n) G VkY-' n Vk,XdnYkJ-'w, (21) 

for all n. With respect to this sequence h we obtain 

i?-(i„)(Op (A) + Pr')i?h(n) 

oo 

= ^^h{n)^^k^kR^k^hin) + Rll^^PrRh{n) 
k=l 

= X] ^hln)R^AkRvk Rh{n) + Rll^^Pv Rh{n) + Afc„ i?/i(„,) (22) 

n 
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with r' as in ([T3]). By ([2T]), h{n) = Vk^rjk^w^ with rjk^ E {dnYkJ ^. Thus, the 
last item in (122|) becomes 

Set n„ := P{Yk„unkJ{Yk„unkJ-^w,- By (EO]), ^ I strongly. Since Ak„ acts on 
im Py^,^, the operator (!23|) acts on imPy^,^ f^^,^^^. The evident inclusion 

implies that 

^nRhlri)Rvk„AkR~^^Rh{n) = R^l^^Rvk^AkR~^^Rh{n)Tln = Rj^l^^Rv^^AkR'^^Rhin)- 

Let now k ^ kn- Then, by the inflating property, 
{Yk U nk){Yk U nkr\Yk U 

n(n„ u u f],J-^(n„ u nkjv,^' = 0. (24) 

Since YkV^^ C (F^ U Qk){Yk U fife)"^^ U l]fc)i;^^ and 

(n„ u fi,j(n„ u nkX'vkS! ^ (Yk,^ u fi,j(n„ u fifcj-^(n„ u ^],J^;,-l 

we conclude from (l24l) that 

n^;,-^ n (n„ u i],j(n„ u nkJ-'vkS! = 

whence 

n^^fe n (n.„ u i^fcj(rfc„ u nkj-'w, = 0. 

Since R'j^^^^R^^AkR'^ Rh{n) is an operator living on imPy^^-i^^^ we conclude 

that 

Rhln)^^k^kRv^ Rh{n)^n = ^nRh(n)^'"k'^kRv^ Rhin) = 

for k ^ kn. Hence, 

P^(i„)(Op(A) + PrOPMn) 

= ^ R^^^^Rv^AkR'^ Rhin){I - n„) + R~^^^Pr'Rh{n) 

+ ^T'n (25) 

Since n„ — > / strongly, the first summand on the right-hand side of (l25l) converges 
strongly (and even *-strongly since n„ commutes with that sum) to zero. Thus, 

s-limP-(i^)(Op {A) + Pr)Rhin) 

= s-lim R'lR'^l^ ^k„Rvk„ R^v, n„ + s-hm R'^^^Pr Rh{n) , 

provided that the strong limits on the right-hand side exist. The existence of the 
second strong limit can always be forced by passing to a suitable subsequence of 
h. Collecting these facts, we arrive at the following. 
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Theorem 4.9 Let h be a sequence such that the limit operator Op (A) + Pp' 
exists. In Case 1.1, there is a subsequence g of h such that the limit operator 
{Pv')g exists, and there are a monotonically increasing sequence {kn) in N, for 
each n a vector rik„ G {d^Yk^)'^ , and a eT such that 

(Op (A) + PrOh = s-lim R-lR-lAk„R,,,R^, + (PrOr 

Thus, the operator living on im Py^^ is shifted by a vector r]k„ G (dnYk^)^^ 
and by another vector independent of n. It is only a matter of taste to 
consider Ak„ as shifted by the vector 7]^^ belonging to the fi-boundary of Yk„. 
In particular, every limit operator of Op (A) is a shift by some vector of a 
strong limit of operators A^^ , shifted by vectors in the boundary of Y^^ . This is 
well known for the group Z and intervals Y^ = [—k, k] H Z, and it was observed 
by Lindner [10] in case T = and Yk = fi^ is a polygon with integer vertices. 

Before turning to the other cases, let us specify Theorem 14.91 to pure finite 
sections sequences for operators in Sh(r). The existence of the limit operator 
(Pr')h, is guaranteed if the strong limit 

s-lim P,,/P„/ Py, R„, Rw^ = s- lim Py, „, 

exists, i.e., if the set limit 

limn„r/fc„ti;, =:3;W (26) 
exists. In this case, (PrOs = ^ ~ PyW- 

Corollary 4.10 Let A G Sh(r), and let h be a sequence such that the limit 
operator Op (A) h for the sequence (Py^APy^) exists. In Case 1.1, there are kn, 
Tjk^^ and as in Theorem\4.y\ such that the set limit fli^6p exists. Then 



(Op (A) + Pr')h = PywAPy^H) + (/ - Pyw). (27) 

Conversely, if the limit (E^ exists for a certain choice of kn, rik„ and as in 
Theorem \4.9[ then the limit operator Op (A)/j exists for the sequence h{n) : = 
Vk-alk-aW*, and holds. 

The proof of the first assertion follows immediately from Theorem 14.91 and from 
the shift invariance of the operator A: 

^w-^r,-^PYk,A^Yk„Rvk„w., = ^w-\l^PYk„Rr,k„w, " A ■ P^-l^-iPy^^ P^^^^^^ . 

The second assertion is evident. ■ 
Case 1.2: r* is infinite. Recall that 

h{n)evu:Y-^^ and h{n) ^ VkSdnYkX'^r„-i (28) 
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for all n G N. The second assertion in ( !28|l implies that 

Hence, we can rewrite (1281) as 

een„t;,->(n) and n (9nn„K>(n) = 0. (29) 

We claim that this implies that 

a„-iCn„y-Xn). (30) 

Suppose (130|) is wrong. Then ^r„-i has at least one point outside Yk^v^^h{n), 
say a, but it also has points inside this set, for example the point e due to the 
first assumption of ( l29l) . Write (X clS cl product a = Wr^-i . . .wiWq of elements 
Wi G fl with wq := e, and let < j < r„ — 1 be the smallest integer such that 

Wj ... wiwo e Yk„v^^h{n), but Wj+iWj . . . wiWq ^ Yk^v^^h{n). 

Then ilwj . . . wiWq ^ Yk„v^^h{n), hence 

Wj... wiwo e dniYk„v~^h{n)). 

Since wj . . . wiWo G fir„-i, this contradicts the second assertion of ( l29l) . and the 
claim (l30l) follows. Roughly speaking, we used the fact that f2-boundaries do not 
have gaps. Since Pn,^ — )■ / strongly, we conclude from f l30|) that 

strongly. (31) 



Theorem 4.11 Let A G 53;(Sh(r)) , anc? let h be a sequence such that the limit 
operator Op {A) h exists. Then in Case 1.2, 

Op (A);, = A with A := s-limv4„Py„. (32) 

Proof. It is sufficient to prove fl32l) for pure finite sections sequences A = 
{Py„APy„) with A G Sh(r). For these sequences, one has 

^Mn)(Op(A) + PrO^Mn) = E^Mn)^''^^>'^^^>'^^';'^Mn)a-^y,„.-Mn,)) 
Letting n go to infinity the assertion follows due to (PTl) . ■ 
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Thus, in Case 1.2, the invertibihty of the hmit operators of Op (A) + Pp' 
follows already from the invertibihty of A. 

Now consider Case 2, i.e., suppose that none of the h{n) belongs to UvkYj^-^. 
For n G N, let r„ stand for the smallest non-negative integer such that there is a 
kn e N with h{n) e Vk„{dnYk„)~^^r„- Consequently, 

h{n) ^ Vk„{dnYk„y^Qrn~i for aU n. 

Again we set r* := liminf r„ and distinguish two cases. 

Case 2.1: r* is finite. We proceed as in Case 1.1 and find a subsequence of h 
(denoted by h again) and an element E T such that h{n) e Vk„{dnYk„)~^w^. 
Since the inclusion h{n) E Vk^YjT^ in (1211) had not been used in Case 1.1 we can 
continue exactly as in that case to obtain that Theorem 14.91 and its corollary hold 
verbatim in the case at hand, too. 

Case 2.2: r* is infinite. As in Case 1.2, we choose the sequence (r„) as strongly 
monotonically increasing. Then we have 

h{n) ^ VkYj~^ for all k, n, (33) 

h{n) ^ Vk{dnYky'nr,,^i for aU k, n. (34) 
We claim that these two facts imply that 

n YkV^^h{n) = for aU k, n. (35) 

Indeed, from (133!) we conclude that e ^ YkV~^^h{n). Thus, for each k and n, 
f^r-n-i contains points from the complement of YkV^^h{n), for instance the point 
e. Suppose that ^r„-i also contains points in YkV^^h{n). Then the arguments 
from Case 1.2 imply that ^m-i contains points in the f2-boundary of YkV~^^h{n). 
But flMl) implies that ^m-i l~l {dnYk)vJ^^h{n) = 0. Thus, fir-„-i is completely 
located in the complement of YkV^^h{n)^ whence fl35|) . 

Since the operator R^^^-^R^^AkR'^ Rh{n) lives on imPy^^-i^^^^, we obtain from 

(ESD 

^h(n)(OP (^) + Pr')Rh{n) = R~^^^Ry^AkR~^Rhin){I - P^r^-i) 

k>l 

The first two summands on the right-hand side of this equality tend strongly to 
zero as n — 7- oo, whereas the third one tends strongly to the identity. Thus, the 
identity operator is the only limit operator of Op (A) + P^' in Case 2.2. The 
following theorem summarizes the results from Cases 1.1 - 2.2. 
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Theorem 4.12 Let A G iS3;(Sh(r)). Then the limit operators 0/ Op (A) + Pp' 

are the identity operator I, the operator A := s-lim AnPy,,, and all operators of 
the form 

s-\im RzlR~lAk„Rr„^R^, + iPr)g 
with a suitable subsequence g of h and with elements rjk^ G {dnYk^J^^ and G F. 

Combining this theorem with Theorems 14.31 (b) and 14 .71 we arrive at the foUowing 
stability resuhs. 

Theorem 4.13 Let T be an exact discrete group, and let A G (Sy(Sh(r)). The 

sequence A is stable if and only if the operator A := s-lim AnPY„ and all operators 
of the form 

s-hmi?-M,„i?^,^ + R^,SPr')gKl 

with a suitable subsequence g of h and with elements rik„ G {dnYk„)~^ and w^, eT 
are invertible and if the norms of their inverses are uniformly bounded. 

Corollary 4.14 Let T be an exact discrete group, and let A G Sh(r). The se- 
quence A = {Py„APy„) is stable if and only if the operator A and all operators 

Py{h)APy[h) : im P-y(h) — im P-y(h) 

where 

y^):=limn„r^,„ (36) 

with certain elements rj^^ G {dnYk^)~^ are invertible and if the norms of their 
inverses are uniformly bounded. 

Theorem 14.81 allows us to remove the uniform boundedness condition in the pre- 
vious corollary. 

Corollary 4.15 Let T be a finitely generated discrete and exact group with sub- 
exponential growth which possesses at least one non-cyclic element, and let A G 
Sh(r) be a band operator. Then the sequence A = {Py^APy^J is stable if and only 
if the operators mentioned in the previous corollary are invertible. 

4.4 Geodesic paths 

Now we turn to special sequences y = {Yn) and 77 : N — ?■ F for which the 
existence of the set limit (l36l) can be guaranteed. Let again Qn refer to the set of 
all products of at most n elements of Q and set Qq := {e}. A sequence [un) in F 
is called a geodesic path (with respect to Q) if there is a sequence (w„) in f2 \ {e} 
such that z/„ = W1W2 ■ ■ - Wn and t'^ G fi„ \ ^n-i for each n > 1. Note that this 
condition implies that each is in the right Q-boundary o/f2„, which is the set 
of all w E Qn for which wQ is not a subset of Qn- 

We will see now that the limQnVn exists if rj is an inverse geodesic path, i.e., 
if rjn = for a geodesic path u. 
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Lemma 4.16 Let {wn)n>i be a sequence in VL and set rjn := w^^w^\ . . .Wi-^ for 
n> 1. Then the set limit lim QnVn exists, and 

limQnVn = ^n>A'nn- (37) 

Proof. For n > 1, one has fi^r^^ = ilnWn+iWn+i'^n^ ■ ■ -u;^^ C ^In+irin+i- These 
inclusions imply the existence of the set limit and the equality ( 1371) . ■ 

The natural question arises whether every sequence 77 : N — )■ F for which the set 
limit ( l36|) exists has a subsequence which is a subsequence of an inverse geodesic 
path. If the answer is affirmative, then it would prove sufficient to consider strong 
limits with respect to inverse geodesic paths in Theorem 14.131 and its corollary. 
We are going to answer this question for two special families of groups. 



4.5 Commutative groups 

Let F be a commutative group which is generated, as a semi-group, by the finite 
set Q with e G fi. Define f2„ as in the previous section. 

Proposition 4.17 Let F be commutative, and let fi = be a sequence in 

F which has a subsequence {fin)n&k, with fin ^ ^n-i for each n G Nq. Then 
{fin)neNo has a subsequence which is a subsequence of a geodesic path. 
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Proof. Let Vt = {e, Ui, . . . , u^}- Each can be written as ujI^"u}2^" . . .uj\ 
where ei„, + + . . . + Ckn = n for n G Nq. (We do not claim that this repre- 
sentation of fin is unique.) Consider the sequence {ein)n&io- This sequence has 
a constant subsequence or a strongly monotonically increasing subsequence. Let 
(ein)neNi with an infinite subset Ni of No be a subsequence of (ei„)„gNo which 
owns one of these properties. Then consider (e2n)n6Ni and choose a subsequence 
(e2n)neN2 which is constant or strongly monotonically increasing. We proceed in 
this way. After k steps we arrive at a subsequence {iin)nmk of (A*n)neNo with 
/X. = u:tu:t ■ ■ ■ and /i. + /^n + . . . + = n forn G and where each 
of the sequences (/«„) is either constant or strongly monotonically increasing. 

For n G Nfe let z/„ := and set := e. Let (/c„) be the enumeration of 
the elements of Nk in increasing order, and set ko := 0. In order to define z/„ for 
kr < n < /c^+i we proceed as follows. Let ii be the smallest positive integer such 
that fi^kr < fhkr+i- For 1 = 1, . . . , fi^kr+i — fhkr, Set 

,, , ,/lfcr , /il-l.fer, fii,kr + l fii + l.kr fkkr 

l^kr + l •- ^1 • • • ^ii-l ^ii + l ■■■ ^k ■ 

Now we are looking for the next subscript, say 12, for which the exponents at 
of and Vk^+i different and proceed in the same way. After a finite number 
of steps, we arrive at a sequence v = {i'n)ne'N with G fi„ for each G N. 

It remains to show that the sequence is a geodesic path, i.e. that G 
Qn \ ^n-i for each n. Suppose that Vk ^ ^k\ ^k-i for some k > 2. Then Uk is 
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a product oi I < k elements from Vt \ {e}. Choose n such that kn > k and let 
a G ^k„~k such that fikn = '^^fc- Then 

/ifc„ e Qk„-k^i = ^k„~k+i with kn - k + I < kn, 

a contradiction to the hypothesis that /i^^ G fi^,^ \ fifc„-i for each n. ■ 

Since commutative groups are exact, one has the following consequences. 

Corollary 4.18 Let T be a commutative discrete group, and let Q be a finite 
subset of r which generates T as a semi-group. Set Yn := and let A G 
iS3;(Sh(r)). The sequence A is stable if and only if the operator A := s-\im AnPn^ 
and, for each inverse geodesic path rj, the operator 

s-lim i?-^A„i?^„ : imPuf7„,;„ ^ imPun„,,„ 

are invertible and if the norms of the inverses of these operators are uniformly 
bounded. 

Corollary 4.19 Let T and VL be as in Corollary 4-18, and let A G Sh(r). The 

sequence A = (Pq^APq^) is stable if and only if the operator A and, for each 
inverse geodesic path rj, the operator 

are invertible and if the norms of their inverses are uniformly bounded. 

In many cases, there will be only finitely many different set limits limf2„?7„; then 
the uniform boundedness condition in the previous corollaries is redundant. The 
same happens if A is a band operator by Theorem 14. 8[ 

The perhaps most important consequence of Corollary 14.181 is that the finite 
sections method for operators in Sh(r) is fractal. More general, one has the 
following. 



Corollary 4.20 Let T, Q and y be as in Corollary 4-^8, Then the algebra 
Sy{Sh{T)) is fractal. 

Roughly saying, an algebra of matrix sequences is fractal if each sequence in the 
algebra can be reconstructed from each of its (infinite) subsequences modulo a 
sequence tending to zero in the norm. For an exact definition and some properties 
of sequences in fractal algebras, see [HI HZj. The proof of Corollary 14.201 follows 
immediately from Corollary I4.18[ See Theorem 1.69 in [5] and its corollary for 
the argument. 
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4.6 The free non-commutative group F^r 

Proposition 14. 17l does certainly not hold for all discrete groups. For example, let 
r = F2 with generators u and v, set Q := {e, u^^, v"^^}, and let Qn stand for the 
set of all products of at most n elements of Q. Consider ?7„ := vu"~^. It is easy 
to see (indeed, drawing pictures will help a lot in what follows) that the set limit 
\im flnVn exists, but the sequence r] has no subsequence which is a subsequence 
of an inverse geodesic path. On the other hand, a simple calculation gives 

limf2„?7„ = limr2„_in"~^; 

thus, the set limit lim QnVn coincides with another set limit which is taken with 
respect to an inverse geodesic path. We will see now that this observation is 
archetypal for the free non- commutative groups W^. 

Still for a moment, let F be a general discrete group with a finite set Q of 
generators. Let {rj^^J be a sequence with rj^,^ e {Qk„ \ ^k„-i)~^ for each n. Write 
Vk! as 

= J-W-K . . with a;f)Gf]\{e} (38) 

for each i = 1, . . . , kn- Again, we do not claim that this representation is unique. 
Since O is finite, there is an cDi G such that 00^^ = ooi for infinitely many n G N, 
say for all n G Ni. By the same argument, there is an 0)2 G such that uj!^^ = U2 
for infinitely many n G Ni, say for all n G N2. We proceed in that way to obtain 
a sequence {u!n)neN in f2 \ {e} having the property that, for each r G N, there are 
infinitely many elements r]k„ with 

Vk„ = ^1^2 • • • . . . ulj. (39) 

For r > 1, set 

fjr := {CJ1UJ2 ■ ■ ■ (^r)~^- (40) 
By Lemma [4.16[ the set limit limQrVr exists. 

Lemma 4.21 Let rjk^ and fjr be as in i\y8^ and i\40^, respectively. Then 



lim fir?7r C limsuprifc„?7fc^. (41) 
Proof. Let x G f2j.?7r ioi some r, and let r]^^ be as in fl39l) . Then 

X G QrVr = ^M+l ■ ■ ■ • • • i^l+l)~^^r^ ■ ■ ■ ^1^ ^ ^k„Vk„- 

Since there are infinitely many elements as in fl5I?l) . this inclusion implies that 
X G limsup r2fc„?7fc„, whence Ur>ifirVr ^ linisup fifc,^?]^^. This is the assertion. ■ 

It is one consequence of the lemma that the set limits limQk„Vk„ cannot be too 
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small. In particular, they contain a shifted copy of fi,. for each r and are, thus, 
growing sets in the sense of Shteinberg (see [23] and Definition 2.4.8 in [H]). 

In general, one cannot expect that equality holds in ( 1411) . For example, let 
r be the (additively written) group 1? with = {(0, 0), (±1, 0), (0, ±1)} and 
consider the sequence r]2n = {—n, —n). If we write —rj2n as 

-r]2n = (1, 0) + . . . + (1, 0) + (0, 1) + . . . + (0, 1) 

with each summand occurring n times, then the above construction yields fjr := 
(— r, 0). In this setting, both set limits limf22n'72n and limil^^^r exist, but they do 
not coincide (the first one is the intersection of 1? with a half plane, the second 
one with a quadrant). 

It turns out that, in case of the free non-commutative groups F^v, equality 
holds in (HT]) . 

Theorem 4.22 For N > 1, let F^r he the free group generated by its elements 
cui, . . . , lun, set f2 := {e, cu^^, . . . , cj^^}, and let fi„ be the set of all products of 
elements of Q of length at most n. Further let (?7fc,J be a sequence with 

Vk„ e (fifc„ \ fi;^.„_i)~' 

which we write as in {\Jjy^ and let {fjr) be the associated sequence as in (O^- Then 

liminf fifc^?7fc^ C lim QrVr- (42) 

n— >-oo r—¥oo 

In particular, if the set limit limn^oo ^k„Vk„ exists, then 

lim fifc„?7fc„ = lim QrVr- (43) 

Proof. Let x G Mmini Qk„Vk„- Then there is an uq such that x G ^k„Vk„ ior 
n > uq. Thus, for each n > uq, 

X e QkAu^^^r . . . {uj^:^,r . . 

Choose elements u^"^^ in such that 

.. (JS)-' 00-' . . . oo-\ (44) 




The assumption 77^,^ G {Qk,, \ ^fe„-i)~^ guarantees that there is no cancelation 
possible inside part (*) of the representation f l44p but, of course, there might be 
cancelation inside part (**) as well as between the most right of the v and the 
most left of the u~'. 

For each n > uq, we cancel the representation of x as far as possible. 
Suppose that, after complete cancelation, at least one factor (cj^"^)~^ remains in 
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each representation. Then, for each n > 1, we can represent x as a word without 
further cancelation which starts from the right-hand side with . . . Cj~/^ . . . W]"^ 
and, hence, has length at most n. This is impossible since each x G can be 
uniquely represented as a reduced word of finite length. This contradiction shows 
that there is at least one n > no such that all factors (a;^"^)~^ in the representation 
(jH]) can be canceled. Thus, x E f2,ta)^^ . . . coi'^ = i^kVk for some k > uq. Since 
the set sequence fjk) is monotonically increasing, this implies 

X e Ufc>i Qk Vk = hm Qk Vk 

whence the first assertion. Combining this result with Lemma 14. 2H the second 
assertion follows. ■ 

Thus, each set limit \imQk^r]k„ can be obtained as a set limit along an inverse 
geodesic path. Since free groups are exact, this leads to the same consequences 
as for commutative groups. 



Corollary 4.23 Let F = Fjy and Q and Qn as in Theorem 4-22. Set Yn := fl 



and let (An) G 53;(Sh(FAr)). The sequence (A^) is stable if and only if the operator 
A := s-\imAnPn„ and, for each inverse geodesic path rj, the operator 

s-]imR~^A„Rri : imPuo „ — imPuo „ 

are invertihle and if the norms of the inverses of these operators are uniformly 
hounded. 

Corollary 4.24 Let Vt he as in Corollary \4.23\ and let A E Sh(F7v). The sequence 
A = (Pq^APq^) is stable if and only if the operators A and, for each inverse 
geodesic path rj, 

Pun„ri„APun„r]„ '■ iniPun„r;„ — ^ imPur!„77„ 

are invertihle and if the norms of their inverses are uniformly hounded. 

Corollary 4.25 LetVt, y he as in Corollary \4-.23[ Then the algebra Sy {Sh(FN)) 
is fractal. 
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